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Published models apply particle size to predict bioleaching reactor performance. In
this study mathematical models predicting the overall reaction rate of a bioleach reactor
system are developed to establish which particle parameters are necessary to describe re-
actor performance. Since the intrinsic leaching rate is surface area dependent, the inlet
particle size and residence time are model inputs. Three models, distinguished by the
incorporation of age and/or size distributions, were developed from first principles
through a segregation approach. Explicit dependence on the age distribution, allows the
model extension to unsteady state behavior and imperfect mixing. The models are vali-
dated against pilot plant data for pyrite-arsenopyrite concentrates obtained from the
Fairview Mine in South Africa. Simulation results indicate that only a model that consid-
ers both the particle age and size distribution is in good agreement with the data. � 2008
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Introduction

Bioleaching of sulfide minerals is a process that has dem-
onstrated its potential for the recovery of copper, gold,
cobalt, and other base metals.1,2 In heap leaching sulfide
mineral stacks are irrigated with an acidic leach liquor and
aerated at the base to facilitate mineral recovery. Although
heap leaching is an effective bioleaching application that can
process large volumes of minerals, it suffers from production
and yield limitations due to process control inefficiencies.1

This has led to an increased interest in the continuous ana-
log, i.e. the continuous stirred tank bioleach reactor.2 Con-
trary to heap leaching, the operating variables, namely, tem-
perature, pH, and carbon dioxide transfer can, in tank biol-
eaching, be effectively controlled to obtain a higher degree
of extraction.1,3

Tank bioleaching has been used for the recovery of gold
from arsenic gold-bearing concentrates since 1984.4 Subse-

quently, several large scale plants have been established with
many patent operations arising (BIOX—Fairview, Bac-
Tech—Mintek, BioCop—BHP Billiton/Coldelco). One tool
for improving the design, operation, and control of these
processes is a dynamic reactor model.

To develop such a model from first principles, using pyrite
as a model compound, the intrinsic kinetics of the reactions
involved in the bioleaching process needs to be understood.
A multistep process which includes the acid-ferric leaching
and microbial oxidation of pyrite described in reactions Eqs.
1 and 2, respectively, are used to describe bioleaching.

FeS2 þ 14Fe3þ þ 8H2O ! 15Fe2þ þ 2SO2�
4

þ 16Hþ (1)

4Fe2þ þ O2 þ 4Hþ ! 4Fe3þ þ 2H2O (2)

The indirect mechanism involves ferric ion attack of the
ore particle at the surface containing FeS2 (Eq. 1). In the
acid-ferric leach step, 14 ferric ions are converted to the fer-
rous form as well as liberating an additional Fe center from
the ore particle as ferrous. In such a mechanism, particle
mass is lost to the solution, hence the particle surface area
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will change with particle-solution contact time and is there-
fore a function of the particle residence time. The ferrous
ions are restored to the ferric form by microbial action in the
microbial oxidation step (Eq. 2). Therefore, the micro-organ-
isms maintain the reaction environment at conditions that
promote the liberation of ferrous ions from ore particles. The
particle-solution dynamics involve the loss of particle mass
due to reaction, and consequently the change in particle sur-
face area with the particle residence time resulting from the
two bioleaching subprocesses (Eqs. 1 and 2).

Numerous authors have attempted formulating the rate
expression for reaction (1) in terms of exposed mineral sur-
face area per unit mass of solution.5–8 Since the focus in this
article is reactor engineering rather than the kinetics, the sim-
plest available kinetics will be used for model development.
The kinetic rate expression proposed by McKibben and
Barnes5 (Eq. 3) is used.

� r00FeS2 ¼ k
CFe3þ

CHþ

� �0:5

(3)

where k is the intrinsic surface reaction rate constant [mol
s21 m22] and CFe3þ and CHþ are the concentrations of the
ferric ions and protons in solution [mol m23].

The microbial oxidation reaction rate is based on modified
Michaelis-Menton and Monod-type kinetics,9 and simplified
by Hansford10 (Eq. 4):

� rFe2þ ¼ CXq
max
Fe2þ

1þ K
CFe3þ
CFe2þ

(4)

where qmax
Fe2þ 5 0.0019 mol Fe2þ mol carbon21 s21 is

the maximum microbial specific ferrous iron utilization rate,
K 5 0.0005 the inhibition constant, and Cx [mol m23] the
concentration of the biomass which is obtained by dividing
the rate of CO2 consumed [mol m23 s21] by the dilution rate
[s21]. The microbial oxidation reaction rate constants were
taken for the bioleaching of sulfide minerals in the presence
of Leptospirillum ferrooxidans.11

A number of bioleach reactor models have been pub-
lished, many of which focus on the biological aspects of the
system (Eq. 2). However, they fail to consider the impact of
acid-ferric leaching on the reactor performance (Eq. 1). One
of the earliest models applied to tank bioleaching was pro-
posed by Pinches et al.3 The model assumed that biomass is
proportional to the fractional conversion of pyrite.3,12 The
model was based only on microbial growth kinetics by
means of the empirical logistic equation ignoring the effects
of the acid-ferric leach kinetics or the change in ore particle
size resulting from flow effects or from the leaching reac-
tion. Similarly, the model proposed by Breed and Hans-
ford13 did not incorporate particle dynamics into the model-
ing process. The model was based on the assumption that
the rate of ferrous iron production and consumption were
equal at steady state. This assumption lead to the question-
able conclusion that the chemical and microbial oxidation
reactions were, at steady state, independent of the mineral
sulfide (pyrite) concentration and therefore could be
described by the rate of iron turnover via the solution redox
potential (CFe3þ/CFe2þ).

The model introduced by Crundwell12,14–16 incorporated
the acid-ferric leach and microbial oxidation kinetics and uti-
lized a distribution of mineral particle sizes to predict reactor
performance by means of a population balance model
(PBM). Brochot et al.17 also proposed a PBM based on parti-
cle size distributions. The reduction in particle size was mod-
eled by a first order kinetic rate, and was not based on the
intrinsic kinetics from the generally accepted subprocess
mechanism proposed by Boon et al.18

The model proposed by Crundwell16 is limited to perfectly
mixed systems at steady state. Given the scale of bioleach
processes, such assumptions are unrealistic, and we seek in
this article to uncouple these. The model developed in this
article incorporates bio-oxidation kinetics, acid-ferric leach
kinetics as well as the effect of particle size and age distribu-
tions on reactor performance using a modified PBM approach
that requires the numerical solution of only a system of
ODEs with well defined initial conditions, rather than bound-
ary value problems.

Model Formulation

When developing the bioleach reactor model, the reactor
bioleaching rate rR and conversion XR will be assumed to be
the variables that determine reactor performance, and hence
the objectives of the model formulation. The conversion XR

of pyrite ore to products is given by the relative difference
between the inlet pyrite mass _MR

inlet [kg s21] and outlet pyrite
mass _MR

outlet [kg s21] (Eq. 5).

XR ¼ 1�
_MR
outlet

_MR
inlet

(5)

The average rate of pyrite surface removal per unit mass
of particle for a given size is defined as the particle leaching
reaction rate r0 [mol s21 kg21]. The reaction rate can be
described by the shrinking particle model.19 As the reaction
proceeds, the unreacted mineral particle is reduced in size
while liberating mass into the aqueous phase. The available
particle surface area then drops with increasing particle-solu-
tion exposure time.

The inlet and outlet mineral sulfide ore mass flowrates are
not equal since the bioleaching reaction effectively transfers
particle mass to the solution phase. From the continuity
equation and applying the steady state assumption, the total
rate of effluent pyrite ore mass will be equal to the rate of
consumption of the inlet mass (Eq. 6).

_MR
outlet ¼ _MR

inlet � rRMMFeS2V
R (6)

where rR [mol s21 m23] is the reactor bioleaching rate,
which is the overall reactor leaching rate (see the following
section), MMFeS2 [kg mol21] the molar mass of pyrite, and
VR [m3] the volume of the reactor. Since the intrinsic surface
reaction rate r@ [mol s21 m22] is area-based, the formulation
of the reactor bioleaching rate rR becomes complicated by
the dependence of particle surface area on particle-reactor
exposure time (residence time) and inlet particle size. Fur-
thermore, there are distributions of reactor residence time
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and particle size that complicate developing the reactor biol-
eaching rate rR. The following sections develop the relation-
ships among the rates r@, r0, and rR.

Particle Dynamics

If the rate at which particle mass is liberated into solution
is due to particle-solution contact time, a relationship
between the particle size and the particle age should be
established.

If we consider a particle entering a reactor at time t0 [s]
and present at time t [s], the particle will have resided there
y 5 t 2 t0 time units.

Generally, the feedstream will have particles of various
initial sizes l0 [m]. In the case of spherical geometry, l0 may
be the initial particle diameter. The corresponding initial spe-
cific surface area Ap

0 is then
pl2

0

M
p

0

[m2 kg21] where Mp
0 is the

initial mass of the particle.
Assuming steady reaction conditions, the rate of change of

particle mass will be the product of the intrinsic surface reac-
tion rate r@ [mol s21 m22], the particle surface area A [m2],
and molar mass MMFeS2 (Eq. 7). As particle mass is liber-
ated into the solution phase due to reaction and solution con-
tact time y, the particle surface area A(y) and hence the parti-
cle mass Mp(y) are functions of the particle age.

dMp

dh
¼ �r00AðhÞMMFeS2 (7)

The particle surface area is the product of the specific sur-
face area and the particle mass A(y) 5 Ap(y)Mp(y).

Assuming spherical particle geometry and constant particle
density, the particle surface area and volume can be
expressed in terms of size, and substituted into Eq. 7 to
obtain a differential in particle size (Eqs. 8 and 9).

d

dh
p
6
l3

� �
¼ r00

q
� pl2 �MMFeS2 (8)

By chain differentiation of the LHS of Eq. 8, the surface
area term pl2 cancels out resulting in Eq. 9.

dl

dh
¼ �2r00

q
MMFeS2 (9)

If the solution concentrations are constant with respect to
time, then the intrinsic reaction rate is also constant, and as
such Eq. 9 can be integrated over particle age y0 5 [0; y]
with initial condition l(y 5 0) 5 l0, to yield the relationship
between the particle size and age (Eq. 10).

lðhÞ ¼ l0 � 2r00

q
MMFeS2

� �
� h (10)

Equation (10) reinforces that the particle size and hence
the particle surface area is a function of age and initial size
(Eq. 11). Similarly, since the particle leaching rate is the
product of the intrinsic surface rate r@ with particle surface
area A(y, l0), it follows that the particle leaching rate is also
a function of age and size (Eq. 12).

Aðh; l0Þ ¼ plðh; l0Þ2 (11)

r0ðh; l0Þ ¼ r00Apðh; l0Þ (12)

The particle mass Mp can be expressed as a function of
the particle age and initial size Mp(y, l0) using Eq. 10 to
obtain the conversion of a single particle Xp (Eq. 13).

Xpðh; l0Þ ¼ 1� lðhÞ
l0

� �3

(13)

Figure 1 illustrates the dynamics of the particle conversion
with the particle age y [s] and initial size l0 [m]. Equation
(10) indicates the rate at which the particle size or mass
decreases with age. Clearly, with an increase in particle age
and a decrease in particle size, the particle conversion will
increase. The conversion gradually reaches a maximum as
the particle is consumed with age.

In this section the relationship amongst initial size, age,
and rate was established for a single particle. Since the parti-
cle population in the reactor is distributed with respect to ini-
tial size and age, the overall reaction rate can only be pre-
dicted by accounting for contributions from all possible ini-
tial sizes and ages.

The following section will therefore establish the rate con-
tribution of all particles in the reactor by defining the distri-
bution of particles based on their initial size and age.

Reactor Model Formulation

In developing reactor age and size distribution, we con-
sider a set of particles that enter the reactor at time t0 with
the size distribution f0(l0) [m21], defined such that f0(l0)Dl0
is the fraction of particles at the inlet in the size range
[l0, l0þDl0]. The size distribution inside the reactor is f(l)
(Figure 2).

Furthermore, since a nontrivial distribution in age y gener-
ally exists, we require the internal residence time distribution
I(y) defined such that I(y)Dy is the fraction of particles in
the reactor in the age range [y, yþDy].

When combining the particle size f0(l0) and age I(y) distri-
butions with the particle dynamics through a complete segre-

Figure 1. Plot of the particle conversion with particle
age y and initial size l0.

1594 DOI 10.1002/aic Published on behalf of the AIChE June 2008 Vol. 54, No. 6 AIChE Journal



gation approach, the overall reactor bioleaching rate rR [mol
s21 m23] can be predicted.

Macroscopic Balances

To determine the overall reactor performance, the solution
and solid phase contributions to the overall reactor bioleach-
ing rate need to be determined. The first step in modeling
the reactor is therefore to write material balances for these
phases. Assuming perfect mixing in each phase, species bal-
ances yield Eqs. 14 and 15.

Solution phase components

dCi

dt
¼ Ci;inlet � Ci;outlet

ssolution
þ bir

R þ cirFe2þ (14)

Solid particle phase

dCFeS2

dt
¼ CFeS2;inlet � CFeS2;outlet

ssolid
þ bFeS2r

R (15)

where bi and ci are the stoichiometric coefficients of species
i for reactions 1 or 2, respectively and are assigned negative
values for reactants and positive values for products. The first
terms on the RHSs of the material balances (14) and (15),
assuming perfect mixing, account for the flow of species into
and out of the reactor, whereas the other RHS terms are the
rates of change due to reaction(s).

Assuming uniform suspension of particles in the reactor,
the mean residence times for the solid and solution phases
will be equal ssolid 5 ssolution.

Since the solution phase is assumed perfectly mixed at the
molecular level, the bio-oxidation rate rFe2þ [mol s21 m23]
is the same at all points within the reactor. On the other
hand, the concentration of pyrite varies from particle to parti-
cle, which complicates the estimation of the reactor bioleach-
ing rate rR. The objective in the following section will be to
formulate the reactor bioleaching rate rR.

The models developed can be distinguished by the initial
size distribution used in predicting reactor performance. At
the outset a trivial monosized particle feed, that remains the
same size during the course of the reaction, is considered.
This assumption is then progressively relaxed in the follow-

ing models to one that considers an initial size distribution
that undergoes a change in size due to reaction and particle
solution contact time (Eq. 10). The models developed are
then validated against pilot data obtained from Hansford and
Miller20 for a series of cascading tanks to determine the
model’s suitability for predicting reactor performance.

The following model developments are general and apply
to all metal sulfides, hence the subscript FeS2 will be
replaced by MS.

Models

Model 1: Constant, uniform specific surface area

In Model 1 we consider monosized spherical particles that
enter the bioleach reactor. It is assumed that all particles
entering the reactor are of the same size, and will remain at
this size in spite of leaching. The particle specific leaching
rate r0 will therefore be the same for all particles in the reac-
tor no matter what age they may have resided there. The par-
ticle specific leaching rate r0 [mol s21 kg21] is the product
of the intrinsic surface reaction rate r00 [mol s21 m22] and
the particle specific surface area Ap

0 [m2 kg21] (Eq. 16).

r0 ¼ r00Ap
0 (16)

The overall reactor bioleaching rate rR may then be
obtained as the product of the particle specific leaching
rate r0 and the constant total reactor solids mass as given
by Eq. 17.

rR ¼ r0CMS;inletMMMS � /MS (17)

where CMS,inlet [mol m23] is the molar concentration of the
mineral sulfide ore in the inlet stream into the reactor,
MMMS the molar mass of the pure mineral sulfide ore [kg
mol21], and /MS the fraction of the pure mineral sulfide in
the ore.

The overall reactor conversion XR may then be obtained
from the product of the overall reactor bioleaching rate rR

with the mean residence time relative to the inlet mineral
sulfide ore concentration CMS,inlet (Eq. 18).

XR ¼ rRs
CMS;inlet

(18)

In this model, since the rate of dissolution and the mass of
solids remain constant throughout the course of reaction, the
conversion of the mineral sulfide particles XR is directly pro-
portional to the mean residence time.

The model was validated against pilot plant data for a cas-
cade of stirred tanks in series.20 The conversion predicted by
the model was fitted to the measured conversions by adjust-
ing only the acid-ferric leaching rate constant k (Eq. 3). The
solution concentrations of each of the tanks were determined
from the material balances (Eq. 14) and used as the inlet
concentrations for the subsequent tank in the series.

Model validation with the pilot plant data shows the
expected (see Eq. 18) linear increase of conversion with resi-
dence time for each tank (Figure 3). The pilot plant data
shows that conversion changes with residence time and with
different reactor configurations. This model, however, does

Figure 2. Model formulation for the overall reaction
rate rR in a bioleach reactor.
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not incorporate the effect of different reactor configurations
on the overall conversion, making conversion independent of
the number of reactors. The conversion for the reactors in
the series is however dependent on the solution concentra-
tions and thus the slope of the modeled conversion changes.

Clearly, the fit is rather poor, and the assumption of con-
stant particle size must be relaxed. The following model
incorporates age and hence surface area distributions.

Model 2: Age-dependent particle size distribution

In Model 2 the inlet stream to the reactor is assumed to
contain particles of the same size that will be exposed to the
solution phase in the reactor for different periods of time.
The particle surface area Ap is therefore age dependent,
resulting in a particle leaching rate r0 [mol s21 kg21] that
varies from particle to particle (Eq. 19).

r0ðhÞ ¼ r00ApðhÞ (19)

where the intrinsic surface reaction rate r@ [mol s21 m22]
depends only on the solution concentrations.

Since I(y)Dy is the fraction of particles in the age range
[y, yþDy], the average particle leaching rate rp will be the
sum of all rate contributions r0 [mol s21 kg21] in all particle
fractions I(yi)Dyi over age intervals [yi, yiþDyi]. The overall
reactor bioleaching rate rR is therefore the product of the av-
erage particle leaching rate rp [mol s21 m23] with the total
number of particles NT integrated over the age interval [0,
1] (Eq. 20).

rR ¼
Z1

0

r0ðhÞM
pðhÞ
VR

/MSN
TIðhÞdh (20)

Model 2 was validated against the pilot plant data20 using
the simplifying assumption that the mean particle size from
the preceding tank is the inlet particle size of all particles
to the subsequent tank in the series. The conversion data
points were fitted using the same method applied in Method
1 utilizing a RTD for a perfectly mixed reactor (Figure 4).

In contrast to Model 1, the pilot plant data and the model
are in close agreement at low conversions, although the mod-
el’s ability to predict reactor performance at higher conver-
sions is limited.

While Model 2 is an improvement on Model 1, it still
assumes uniform particle size in the feed stream whereas in
reality the typical feed stream is not uniform. In the follow-
ing model, the size restrictions applied in Models 1 and 2 are
relaxed.

Model 3: Variable inlet particle size with
age distribution in the reactor

In relaxing the single-size assumptions applied in Models
1 and 2, we now acknowledge that the inlet stream contains
a nontrivial distribution in particle size. As in Model 2, a re-
actor age distribution is used.

With regard to the particle dynamics, larger particles will
leach at a greater rate than smaller particles due to the larger
availability of surface area, therefore the particles will leave
the reactor with a different size distribution than upon enter-
ing the reactor. If perfect mixing is assumed, the particle age
and size distributions within the reactor will be the same as
in the outlet stream.

As the particle surface area is a function of the particle
residence time and the inlet particle size, the particle leach-
ing rate r0 can be expressed as follows (Eq. 21):

r0ðh; l0Þ ¼ r00Apðh; l0Þ (21)

We assume that the inlet particle size distribution f0(l0) is
statistically independent of the reactor internal age distribu-
tion I(y). The assumption of perfect mixing also implies that
the particle size distribution inside the reactor must be the
same at the exit, and hence the rate of exit of any particle
does not depend on the particle size.

The product of the size and age fractions f0(l0)Dl0I(y)Dy is
therefore the fraction of particles in the age range [y, yþDy]
and size range [l0, l0þDl0] in the reactor. Hence, the overall
reaction rate can be determined using the segregation
approach applied in Eq. 22.

Figure 3. Reactor bioleaching conversion for Model 1
(constant specific surface area) vs. pilot
plant data.20

Figure 4. Reactor bioleaching conversion for Model 2
(monosized feed particles) vs. pilot plant
data.20
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rR ¼
Xn
j

Xm
i

r0ðhi; l0jÞM
p
i ðhi; l0jÞ
VR

/MSIðhiÞDhif0ðl0jÞDl0j (22)

where Eq. 23 is the differential form of Eq. 22.

rR ¼
Z1

0

Z1

0

r0ðh; l0ÞM
pðh; l0Þ
VR

/MSN
TIðhÞf0ðl0Þdhdl0 (23)

Alternatively, the segregation model may be used to deter-
mine the overall conversion XR in Eq. 24

XR ¼
Z1

0

Z1

0

Xpðh; l0Þf ðl0ÞIðhÞdhdl0 (24)

where Xp(y, l0) is the conversion of a single particle in terms
of age and size as shown in Eq. 13.

The model simulation result was compared with plant
data20 and plotted in Figures 5 and 6 using the same valida-
tion method applied for Models 1 and 2, using the outlet size
distribution from tank n 2 1 as the inlet size distribution for
the subsequent tank n in the series f0,n(l0,n) 5 fn 2 1(ln 2 1).

A model that utilizes a RTD that only accounts for the dis-
tribution in total system age, for example a tanks-in-series
RTD, is limited to predicting conditions for only the inlet
stream to the first tank and the outlet stream from the last
tank in the series assuming that the conditions over each re-
actor is constant. By considering each reactor independently
using a perfectly mixed RTD for each tank in the series and
noting that the particle size distribution entering subsequent
tanks in the series change due to leaching, the conditions of
each of the intermediate streams can be determined.

Since the mass fraction of particles f0,nþ1(l0,nþ1)Dl0,nþ1

entering the subsequent tank is the relative mass difference
of all particles Mp in the size range [l0, l0þDl0], the inlet
size distribution of particles in the following tank will be the
inverse product of the total initial mass of all particles enter-
ing the tank and the differential in particle mass with the
inlet particle size (Eq. 26)

fnðlnÞDln ¼ Mpðl0;nÞ �Mpðl0;n � Dl0;nÞ
Mp

total

(25)

as such

f0;nþ1ðl0;nþ1Þ ¼ 1R1
0

R1
0

Mpðl0;nÞIðhÞf0;nðl0;nÞdhdl0
� dM

pðl0;nÞ
dl0;n

(26)

The average bioleaching reaction rate rR in each subse-
quent tank in the series is thus based on the outlet size distri-
bution from the preceding tank f0,n(l0,n) 5 fn21(ln21) (Eq. 27)

rRn ¼
Z1

0

Z1

0

r0nðh; l0;nÞ
Mp

nðh; l0;nÞ
VR
n

/MSf0;nðl0;nÞIðhÞdhdl0 (27)

Figure 5 indicates the expected increasing trend in conver-
sion with residence time. With an increase in the number of
tanks the conversion increases for the same mean residence
time. This is to be expected since more efficient use of reac-
tor volume is made and therefore a higher conversion is
achieved as compared to a single tank (Figure 5).

The model was further compared with the average biol-
eaching reactor rate for each tank in the series. From Figure
6 it is clear that the model, which is a function of the age
and initial size distribution, is able to predict the rates at
each mean residence time.

The model’s ability to predict the pilot plant data is
greatly improved over Models 1 and 2. In contrast to Model
2, Model 3 is able to achieve good agreement with the data
at both high and low conversions.

Future Model Extensions

In contrast to previous PBMs presented in the literature
(Crundwell,18 Brochot et al.17), the model presented here ex-
plicitly describes the overall reaction rate rR or the overall

Figure 5. Reactor bioleaching conversion for Model 3
(age and size distributional effects) vs. pilot
plant data.20

Figure 6. Overall reactor bioleaching rate for Model 3
(age and size distributional effects) vs. pilot
plant data.20
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conversion XR in the reactor as a function of the age distribu-
tion I(y). It is therefore a trivial exercise to now incorporate
the recently available advances in residence time distribution
theory, in particular the unsteady state solution.21

The application of the present model can therefore be
extended to the case in which the particle flowrate is chang-
ing with time by incorporating the unsteady state solution to
residence time distribution for perfectly mixed vessels given
in Eq. 28.21

Iðt; hÞ ¼ hinðt� hÞ
HðtÞ exp �

Z t

t�h

houtðt0Þdt0
Hðt0Þ

� �
(28)

where I(t,y) is defined such that I(t,y)Dy is fraction of par-
ticles in the reactor at time t in age range [y, yþDy], hin(t)
and hout(t) are the time-dependent entry and exit flowrates to
and from the reactor respectively, and H(t) is the particle
holdup in the reactor.

Reactors in series may also be modeled using the results
from the same article by application of the joint residence
time distribution function qi(t,y), i � N, defined such that the
product qiðt; hÞ

Qi
j¼1Dhj represents the fraction of particles

residing in reactor i at time t identified by the age range [yi,
yiþDyi], which previously occupied vessels 1, 2, . . ., i 2 1
for [y1, y1þDy1], [y2, y2þDy2], . . ., [yi 2 1, yi21þDyi21]
periods of time, respectively. For the case of CSTRs in se-
ries, the following solution given by Eq. 29 may be applied.

qNðt; hÞ ¼
exp

PN
i¼1

ajðt0;jþ1Þ � ajðt0;jÞ
� �� �

QN
i¼1

s0iðt; hÞ
(29)

with

s0ðt; hÞ ¼ s01ðt; hÞ; s02ðt; hÞ; :::; s0N�1ðt; hÞ; s0Nðt; hÞ
� �

¼ s1ðt0;2Þ; s2ðt0;3Þ; :::; sN�1ðt0;N�2Þ; HNðtÞ
h1ðt0;1Þ

� �

where si(t) is the inlet-flow based mean residence time in the
ith reactor at time t, and aiðtÞ ¼ � R t

0
dt0
siðt0Þ the average ratio of

real time to mean residence time.
In addition to modeling unsteady state flow, the explicit

dependence on the internal RTD shown in the final solution
also makes it possible to predict the performance of imper-
fectly mixed reactors if the RTD for such reactor has been
measured.

Conclusions

Presently, PBMs focus on the size of the particle ignoring
the effect of particle residence time on the overall reactor
performance. However, in tank bioleaching the particles
within the reactor remain in contact with the solution phase
for different periods of time indicating that the particle age
should also have a significant contribution to the overall
reaction rate. The objective of this article was therefore to
verify which reactor parameters are necessary to fully
describe the dissolution of mineral sulfide particles in the
bioleaching process.

Bioleach reactor models were derived from first principles
incorporating material balances with acid-ferric leaching and
microbial oxidation kinetics. The reactor performance was
initially modeled by applying the most restrictive assump-
tions that did not consider the age or size of the particles in
solution. These assumptions were relaxed by first introducing
the age distribution of equally sized particles in solution and
thereafter the bioleaching of particles of nontrivial inlet size
distribution were considered.

Of the three models presented, the third model is the most
general. Comparing the pilot plant data with the three mod-
els, it was found that the third model, which uses the least
restrictive assumptions, is able to predict the reactor perform-
ance with the greatest accuracy. The improved predictive
capabilities of Model 3 over the preceding models, indicates
that both the age and size contributions of all particles in the
reactor are necessary to fully describe the reactor perform-
ance in tank bioleaching. Further, Model 3 in this study has
uncoupled the variation of particle size with time to explic-
itly consider a distribution in particle age in the reactor. This
explicit dependence allows for the model to be extended to
unsteady state behavior and imperfect mixing.
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Notation

Greek letters

ai5 average ratio of real time to mean residence time
bi5 stoichiometric coefficient of species i for reaction (1)
ci5 stoichiometric coefficient of species i for reaction (2)
y5 age of a particle [s]

qN(t, y)5 joint residence time distribution function for N tanks
[s2N]

s5 reactor residence time [s]
si(t)5 inlet-flow based mean residence time in the ith reactor

at time t
/MS5 fraction of the pure mineral sulfide in the ore

Latin symbols

Ap5 specific surface area of a particle [m2 kg21]
CFe2þ5 concentration of ferrous ions [mol m23]
CFe3þ5 concentration of ferric ions [mol m23]
CHþ5 concentration of protons [mol m23]
CMS5 concentration of the mineral sulfide ore [mol m23]
Cx5 concentration of biomass [mol m23]

f0(l0)5 the normal distribution representing the probability of
particles in a specific size range [m21]

hin(t)5 time-dependent entry flowrate to the reactor [kg s21]
hout(t)5 time-dependent exit flowrate from the reactor [kg s21]
H(t)5particle holdup in the reactor [kg]
I(y)5 the internal age distribution of particles [s21]

I(t,y)5 the unsteady state internal age distribution of particles
[s21]

k5 intrinsic surface reaction rate constant [mol s21 m22]
K5 inhibition constant
l05 initial particle size or diameter [m]

MMFeS25molar mass of pyrite ore particle [kg mol21]
MMMS5molar mass of the pure mineral sulfide ore [kg mol21]
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Mp5mass of a single particle [kg]
MR5 total mass of all particles in the reactor [kg]
n5 tank number
N5 the total number of tanks
NT5 the total number of particles in the reactor

qmax
Fe2þ 5maximum microbial specific ferrous iron utilization rate

[mol Fe2þ mol carbon21 s21]
r@5 intrinsic surface reaction rate [mol s21 m22]
r0 5particle leaching rate [mol s21 kg21]

rp 5 average particle leaching rate [mol s21 m23]

rR 5 average reactor bioleaching rate [mol s21 m23]

rR5 reactor bioleaching rate [mol s21 m23]
rFe2þ5bio-oxidation rate [mol s21 m23]
VR5 reactor volume [m3]
Xp5particle conversion
XR5 reactor bioleaching conversion
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